BOTTCHER カンスウ ノ コウセイ ニヨル JULIA シュウゴウ ノ カシカ スウシキ ショリ ケンキュウ ノ アラタナ ハッテン by 吉田, 怜史 et al.
Title Bottcher関数の構成によるJulia集合の可視化 (数式処理研究の新たな発展)
Author(s)吉田, 怜史; 藤村, 雅代; 後藤, 泰宏








On the construction of B\"ottcher functions and
visualization of Julia sets
SATOSHI YOSHIDA
GRADUATE SCHOOL OF SCIENCE AND ENGINEERING, NATIONAL DEFENSE ACADEMY *
MASAYO FUJIMURA \dagger
DEPARTMENT OF MATHEMATICS, NATIONAL DEFENSE ACADEMY \ddagger
YASUHIRO GOTOH







DEM (Distance Estimate Method) is an algorithm that draws the connected Julia set for quadratic
maps $P_{c}(z)=z^{2}+c$ introduced by Y. Fisher. We construct revision DEM that can apply for the
sequence of comformal maps $\varphi_{n}$ , which converges to the B\"ottcher map $\varphi$ , and for disconnected Julia
set. We implement these algorithms to Risa/Asir.
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$R$ $R$ $n$ $R^{n}=Ro\cdots oR\sim$ $R(z_{0})=z_{0}$








$A(z_{0})=\{z\in\hat{\mathbb{C}}|$ $R^{n}(z)arrow z_{0}\}$ .
$D\subset\hat{\mathbb{C}}$ $\hat{\mathbb{C}}$ $\mathcal{F}$ (normal family)
$\mathcal{F}$ $\{f_{n}\}_{n=1}^{\infty}$ $D$
Fatou Julia
Fatou $R$ $z\in\hat{\mathbb{C}}$ $R$ Fatou
$F(R)$
$J$ulia Fatou $J(R)=\hat{\mathbb{C}}\backslash F(R)$ Julia Julia
. $J(R)=J(R^{n}),$ $(n\in N)$ .
. $J(R)$






2 2 $c\in \mathbb{C}$ $P_{c}(z)=z^{2}+c$
$P_{c}(z)=z^{2}+c$ 2
2 Julia
K\"obe A $f:Darrow\Omega$ $z_{0}\in D$
$\frac{1}{4}|f’(z_{0})|d(z_{0}, \partial D)\leq d(f(z_{0}), \partial\Omega)\leq 4|f’(z_{0})|d(z_{0}, \partial D)$ .
$B\ddot{o}$ttcher $J(P_{c})$ $\varphi$ : $A(\infty)arrow\hat{\mathbb{C}}\backslash \{|z|\leq 1\})$
$\varphi(P_{c}^{n}(z))=\varphi(z)^{2^{n}}(n\in N)$ ,
$\varphi(z)$ $\varphi_{n}(z)=(P_{c}^{n}(z))^{w^{1}}2$ $\varphi(z)=\lim_{narrow\infty}\varphi_{n}(z)$




Y. Fisher ([5] ).
$A(\infty)$ Julia $\varphi$ $\varphi_{n}$
$\varphi_{n}$ K\"obe $\frac{1}{4}$ $\varphi$
$A(\infty)$ K\"obe A
$\frac{1}{4}|\varphi’(z)|d(z, J(P_{c}))\leq d(\varphi(z), \partial(\varphi(A(\infty))))=|\varphi(z)|-1\leq 4|\varphi’(z)|d(z, \partial J(P_{c}))$ .
$\frac{1}{4|\varphi’(z)|}(|\varphi(z)|-1)\leq d(z, J(P_{c}))\leq\frac{4(|\varphi(z)|-1)}{|\varphi’(z)|}$ .
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$\varphi_{n}arrow\varphi$ ( $A(\infty)$ ) $n$
$d(z, J(P_{c})) \approx\frac{1}{|\varphi_{n}’(z)|}(|\varphi_{n}(z)|-1)$ .
$z_{n}=P_{c}^{n}(z),$ $z_{n}’=(P_{c}^{n})’(z)$ $|\varphi_{n}’(z)|-1\approx\log|\varphi_{n}(z)|$
$\frac{|\varphi_{n}(z)|-1}{|\varphi_{n}(z)|}\approx\frac{\log|\varphi_{n}(z)|}{|\varphi_{n}(z)|}=\frac{\frac{1}{2^{n}}\log|P_{c}^{n}(z)|}{\frac{1}{2^{\mathfrak{n}}}|P_{c}^{n}(z)|\pi^{1}-1|(P_{c}^{n})’(z)|}=\frac{\log|z_{n}|}{|z_{n}|\pi^{1}-1|z_{n}’|}$ .
$|z_{n}|^{*}=|\varphi_{n}(z)|arrow|\varphi(z)|$ $z_{0}$ $J(P_{c})$ $|z_{n}|$ 1
$n$
$d(z, J(P_{c}))$ $\approx$ $\frac{|z_{n}|\log|z_{n}|}{|z_{n}’|}$ . (1)
$z_{n+1}=P_{c}^{n+1}(z)=P_{c}(P_{c}^{n}(z))=P_{c}(z_{n})=z_{n}^{2}+c$ ,
$z_{n+1}’=(P_{c}^{n+1})’(z)=P_{c}’(P_{c}^{n}(z))\cdot(P_{c}^{n})’(z)=P_{c}’(z_{n})\cdot z_{n}’=2z_{n}\cdot z_{n}’$ .
$z_{0}=z$ , $z_{n+1}=z_{n}^{2}+c$ $(n=0,1,2, \ldots)$ ,






( 2,3). $A(\infty)$ $z_{0}$ $z_{0}$ $d(z_{0}, J(P_{c}))$
B\"ottcher Julia
2
2: Julia $(P_{c}(z)=z^{2}+c, c=-0.770827+0.115528i)$
$.-$.
$:\sim$
$:,..\cdot.\cdot\cdot\cdot\backslash \backslash \backslash \gamma.\cdot$
$.\cdot \text{ ^{}:}$
$-*\tau_{\bigwedge_{\sim}^{-}\#}’$


















$f_{n,m}(z)$ $=$ $(P_{c}^{n-m}(z^{2^{m}}))^{w^{1}}2$ ,
$f_{n,m}’(z)$ $=$ $\frac{1}{2^{n}}((P_{c}^{n-m})(z^{2^{m}}))^{\pi^{1}}-1(P_{c}^{n-m}(z^{2^{m}}))’$ .










$n=m$ $z_{m}=z^{2^{m}},$ $z_{m}’=(P_{c}^{0}(z^{2^{m}}))’=(z^{2^{m}})’=2^{m}\cdot z^{2^{m}-1}$
$z_{m}=z^{2^{m}}$ , $z_{n+1}=z_{n}^{2}+c$ $(n=m, m+1, m+2, \ldots)$ ,
$z_{m}’=2^{m}z^{2^{m}-1}$ , $z_{n+1}’=2z_{n}z_{n}’$ $(n=m, m+1, m+2, \ldots)$ .




5: $A(\infty)$ $\varphi_{n}(0\leqq n\leqq 5)$ $n$
$(P_{c}(z)=z^{2}+c, c=-0.59+0.43i)$
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6: $\varphi_{n}(0\leqq n\leqq 5)$ : Julia






7: $\varphi_{n}(0\leqq n\leqq 8)$ : $(P_{c}(z)=z^{2}+ c, c=i)$
$\varphi_{8}$
( 8).




Julia $z$ $z$ $P_{c}$ $0$
$((1)$ $|z_{n}’|$ $0$














$z0=z$ , $z_{n+1}=z_{n}^{3}+az+b$ $(n=0,1,2, \ldots)$ ,
$z_{0}’=1$ , $z_{n+1}’=(3z_{n}^{2}+a)z_{n}’$ $(n=0,1,2, \ldots)$ .
2
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$z_{0}=z$ , $z_{n+1}=z_{n}^{5}+az_{n}^{4}+bz_{n}^{3}+cz_{n}^{2}+dz_{n}+e$, $(n=0,1,2, \ldots)$
$z_{0}’=1$ , $z_{n+1}’=(5z_{n}^{4}+4az_{n}^{3}+3bz_{n}^{2}+2cz_{n}+d)z_{n}’$ , $(n=0,1,2, \ldots)$ .
11: 5 Julia $(F(z)=z^{5}+0.7iz^{4}+0.7z^{3}+0.7iz^{2}-0.7z+0.7i)$
4.4 Julia




2 $\varphi_{n}$ Julia $A(\infty)$
( 12). 3 $F$ B\"ottcher $\varphi$
$\varphi(z)=\lim_{narrow\infty}\varphi_{n}(z)=\lim_{narrow\infty}(F^{n}(z))^{w^{1}}3$
12: $\varphi_{n}(0\leqq n\leqq 4)$ : 3 $(F(z)=z^{3}-0.85z+0.35i)$
4.4.2 5
5 $F$ B\"ottcher $\varphi$
$\varphi(z)\varphi_{n}(z)=\lim_{narrow\infty}(F^{n}(z))^{5^{1}}$
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13: $\varphi_{n}(0\leqq n\leqq 2)$ : 5 $(F(z)=z^{5}+0.7iz^{4}+0.7z^{3}+0.7iz^{2}-0.7z+0.7i)$
Julia
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